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ON FORCED OSCILLATIONS IN THE BOUNDARY LAYER AT
FREQUENCIES NEAR THE UPPER BRANCH OF THE NEUTRAL CURVE

V.E. ZHUK

Perturbations introduced into the boundary layer (BL) of an incompressible
liquid by a harmonic oscillator in the form of a moving section of the
surface are examined. OQutside the oscillating part, the streamlined

solid is a plane plate. It is assumed that the Reynolds number is large
and the oscillation frequency, corresponds, in order of magnitude, to the
asymptotic form of the upper branch of the neutral stability curve (NSC).
The system of equations for perturbations, at small amplitudes of the
oscillator, is linearized and is solved by the Fourier method. 1In additien,
for each Fourier component, the flow field is divided into five sublayers.
The amplitude of a Tollmin~Schlichting wave (TS) is calculated and
separated from the perturbed background downstream of the oscillator. If
the oscillator frequency exceeds the neutral value at the upper branch of
NSC with the given Reynolds number, the TS wave amplitude decays. For
frequencies below neutral, the wave amplitude increases exponentially
downstream. In the final example, the parameters of the TS wave fall
within the unstable region, between two NSC branches.

At a distance L¥ from the front edge of the plane surface with an incompressible viscous
liquid flowing over it, let there be a moving section of surface of length !* which isoscillat-
ing at a frequency o* (henceforth the asterisk denotes dimensional quantities). Defining
the Reynolds number as R = Ux*L*/v*, where Ux* is the velocity of the oncoming flow and v*
is the kinematic viscosity, we will assume R — oo. An investigation of the perturbation
propagation process caused by the moving section is one of the problems of BL reproducibility.

The solution of this problem taking compressibility inte account and for any Mach number
at infinity was obtained previously in /1, 2/ for I* = 0 (R™:L*), o* = O (RU_*L*™), starting from
the linearized equations of the theory of free interaction /3, 4/, which, as is well-known
/5, 6/, is subject to perturbations in the given range of frequencies. In the subsonic case,
the first mode from the spectrum of eigensolutions of these equations corresponds to the
*prikl.Matem.Mekhan.,51,3,417-424,1987
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limiting form of TS wave for large Reynolds numbers in the neighbourhood of the lower branch
of the NSC. As follows from /2, 7/, perturbations downstream from the oscillator degenerate
into precisely this wave.

Below, the question of T8 wave generation in proximity to the upper branch of the NSC
is examined. Naturally, the orders of the frequency and of the characteristic length differ
from those assumed in the theory of free interaction, namely * = O (R7=L*) and o¥* =
(R*#U x*L*1) are assumed. We put o = R /». The mobile part of the surface is specified by
the equation

Yu* = hoUL*G (T, X), T = 0P U *L* 4%, X = g9 L+ (z% — L*) 1

where {* is the time, %, y* are the coordinates of a Cartesian system with the z* axis
directed along the plate around which the flow occurs, and h is a dimensionless parameter.

First, we note that, irrespective of the causes of oscillations of the fluid in the BIL,
there is a viscous sublayer in the vicinity of the wall with thickness of order of R7AL*
(@*L*/ Uy *y"/ = ¢¥L*. 1n particular, this type of sublayer exists in the case of free
oscillations, when G = (. It can be seen from Eq.(l) that, for & = O {1}, the part of the
surface which changes shape sinks into the viscous sublayer caused, in this instance, by
oscillations of this part itself.

We will find the orders of the perturbations of the components u* and v* of the velocity
vector and the pressure p* for flows round an oscillating non~uniformity. The surface of
the moving part on the plate has the vertical component of velocity v,* = ho®Us* [0G/0T -
O (0'%)], whereas the tangential component of the surface velocity, of the order of hol'U %,
can be neglected. The components U.*U,, Ux*V, of the velocity vector of the unperturbed
steady flow in the BL on a plane plate can be represented in the form

Ug = Up (2, Yiu) + 0 (6"). Vo = 0¥V5 (z, Y -+ O (699 (2)
xo= L¥g* Y, = G—mL*ﬂy*

where the functions Ugand V3, for the first of which the following limit properties hold,

Ym0, Us— 2 (&) Vi + &y (@) Vb2 + ... )
Y 00, Up =>4 + ...

are specified by the Blasius scolution. As a result of the deformation of the wall, the
adhesion condition must be satisfied, not for Y, = 0, but on the contour Y, = ho!G, where,
by virtue of (3), the unperturbed velocity is of the order of ho'Us*. Therefore, the
perturbation of the longitudinal component of the velocity u* is of the same order. If this
last estimate is also true for flows round a stationary non-uniformity, then the perturbation
of the vertical velocity component v* of order #ho®Us* is linked to the change in the shape
of the non-uniformity with time. The change in the pressure p* of a fluid of density p*,
compared with the value p.* in a flow from infinity using the equation of conservation of
the component of momentum along the z* axis is estimated as O (habp*UL*?).

These estimates, obtained in the region of the wall in the vicinity of the oscillator
are also correct for all BL thicknesses, with the exception of the perturbation of the vertical
velocity component. In fact, for Y, = O(1), it follows from the eguation of continuity
that the perturbation v* is of the order of ho®Ux*.

In the base part of the BL the field of flow parameters can be written in the form

( wour P
Ur Ukt e

) = (Uyq -+ h0ug, Vo + k0%, Py + ho®py,) (4)

where P, = O (0'®) is the unperturbed pressure, U, V, Py, are functions of 2 Ym and o,
while um,Um and pm are functions of 7T,X,Ym, 6 and h. The Navier-Stokes equations are
transformed in the following way, as a result of substituting expressions (4} into them,
taking relations (2) into account:
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As may be seen from (5), non-parellelism of the BL distorts functions with subscript m by an
amount of the order of ¢ The non-linear terms make a contribution of the order of hot. The
relative value of the viscous terms in Egs.(5), generally speaking, can exceed the value of
o®. For example, the viscous terms are essential in the critical layer (for travelling-wave
type perturbations) and also in proximity to the surface around which flow occurs.

Equality of the orders of the term with the second derivative along the vertical coordi-
nate and that of the non-stationary term in the first equation of system (5) is achieved if
Ym =0, Y, =0(1). The new variable Y, = ¢ L*ly* of the viscous wall sublayer in which
the oscillator is submerged is introduced by the last relation. In accordance with the esti-
mates in the wall sublayer introduced above we have

( u* ¥ P~ P:o
ULTUL eUR

) ={U, + hotu;, Vy + ha®vy, Py + hop)) 6)

where Uy Vy, Py depend on z,0'Y; and 0, while u,,v; and p, depend on T,X,Y,, 0 and h.
Moreover, the unperturbed profile of the longitudinal component of the velocity is given by
the expression U, = o*},Y,; -+ O (¢'%). From the Navier-Stokes equations we have

u du fu du
i - i i {
a7 T MY 15y + Chuy g+ vy 4 hoy W, @

ap, B”ul ap du av
— by 8 R S 7 3 __1 |-
ax tavp O 7 =0(0) 5 4 g =0

The system of Egs.(7) may be derived from system (5}, by changing to the variable Y, and
using relations (3).
Boundary conditions on the surface take the form

Y, = hG, u = —MG, v, = G/OT (8)

The dependence on the "slow" coordinate of Z of the functions Up and Vg as also the
coefficients X, %, at distances X == 0 (1) change them by an amount of the order of o,
Therefore, everywhere below we assume z =1 and, in particular, » = 0.3321, i, = —},%2.

Let us omit in Egs.(7) the correction terms denoted by the symbol O of higher order of
smallness with respect to the parameter ¢, while retaining terms of the order of ¢% To linearize
the first equation of system (7) we will assume the parameter h to be small. Let us consider
the case h <€ o®. Let the wall oscillate periodically with time

G (T, X) = 6 (X) exp (iQT)

at a frequency whose value in the initial system of units is o* = ¢"'UL*L*1Q. We will
represent the required flow functions in the lower sublayer as

(e v Py = (', v'y, ) exp (IQT) ®

We pass from primed amplitudes to their Fourier transform which is denoted by a bar,
for example

QK Y 0) = § w' (@ X, Y, 0)exp(— iKX)dX

Egs. {7) with their linear terms neglected give

HQ+ 0% KY ) ity + M, = — iKJ; + 8%04,/0Y {10)
8p1/8Y =0, 03K, + 87,/8Y | ==0

The boundary adhesion conditions were transferred on to the line Y; =0, which allows
of the same error as for the neglected non-linear terms. We then obtain from (8)
Y, =0, i,—=—©NG, 7 =iQF (1N
With the help of (10) and (11) we can express the functions i, ¥; in terms of the
previously unknown Fourier transform of the pressure F;. In the plane of the complex variable
2=0a (KA Y, + 8 L= oM (LK),
— 3nf2 < arg K <=mnf2
we have

o, o,

Il el 0, 7,=iQF — o?A7" (iK)"s § i, dz, (12)
&
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The solution of problem (12), which satisfies the condition for there to be no exponential

growth at infinity (along the radius argz = -+n/6), is given by the expression
7y = QG + o2 (M K)YH G (2~ &) — (13)
z
iKpy [dAi(:n]-l Lo dAi(z)  dAi(Z)]
M dz, [ZISAI (2)dz — dz, T dz; ]
9]
Here, Ai(z) 1is the Airy function. Since |z | and |, | are of the order of ¢72, we

replace the Airy function in (13) by its asymptotic form /8/ for large values of the argument.
Returning to the variable Y, we obtain

@y = — MG + KQ1p; fexp [— ()" Y] — 1} + 0*2 K2 (iQ)~ p; % (14)
{exp [— (Y] [1 + 3/, (i) Yy + 1/ @QY *] — 1} + 0 (%)
71 =iQG + i0®MKGY | + 03K2 (iQ)71 5, {1 — (iQ) Y, —
OV .. 0, >0
exp[— Q)" Y1) + 0 (0%); argﬂz{_ﬂ, 020
We will now construct a solution in the basic thickness of the BL. We will neglect non-
linear terms in (5) and also terms connected with the non-parallelism of the initial flow
in the BL. Separating the time factor exp (iQT), as in (9), in all required functions with
subscript m and carrying out a Fourier transformation along the X coordinate, we reduce system
(5) to the Orr-sSommerfeld equation

o - _ e, .
(Up—c) ( aym': - 6'vm> A o (15)
o [ 6% ., 0% _ 50
R N B i
m m 4

where ¥, is the Fourier transform of the vertical component of the velocity. The parameter ¢
in Eq. (15) relays the role of the phase velocity, since every Fourier perturbation component
with a periodic time dependence is a travelling wave. The parameter § has the meaning of
the ratio of the BL thickness to the wavelength of the perturbations.

The viscous terms on the right-~hand side of Eq.(15), which are of the order of the
neglected terms arising from the growth of the BL thickness, must also be omitted everywhere,
with the exception of the critical layer. The value of the coordinate Ym = Y.° in the
neighbourhood of which the critical layer is situated, corresponds to the equality Up =c.
Moreover, as a result of the smallness of ¢ = O (o) using expansion (3) we find Y.’ = A lc —
AA7%%/24. It is known that when there are no viscous terms, the solution of Eq. (15) at the
point Ym =Y, has a logarithmic singularity. By equating the left- and right-hand sides
of Eq.(15) in this singular solution (derived below) we obtain an estimate of the thickness
of the critical layer Y, — Yu‘ = 0O (¢%).

In the inviscid Eq.(15), omitting the right-hand side, the parameters c and § are
conveniently considered as independent and can be represented in the form /9, 1o/

Tm=fo+ 6%, + ... (16)

assuming the value of ¢ to be fixed. To a first approximation

3%, 52UB
(UB — )5 — = =0 17
) aymz ayma fﬂ ( )
Outside the BL, where Up = 1, we select the exponential decaying solution of the form
aexp (FY,), Y,=0Yn as Y, — o0 from the two linearly independent non-viscous solutions of
(15). Assuming Y,—0 we obtain the asymptotic boundary condition on the external boundary
of the BL

Y00, Bpm—a(15F8Y + Yp®Y 2 +...) (18)

Here and henceforth the upper symbol corresponds to K >0, the lower to K <0, and the
constant a is unknown. The limit expression (18) shows that f,, f; may depend on § in view
of the boundary conditions. Of course, this does not make expansion (16) incorrect.

The solution of Eq.(l7), satisfying the condition f,— a (1 = §Y ) where Ym— o0, is



329

written in the following way:

fo=a(1— ) Up—c)F8a(1—c)(Up—c)x (19)
¢ 1 1 , Yo
{YS (= — e | = )

Expression (19) is suitable for all real Yn if ¢<C0. If ¢>0 the expression only
has meaning for Y., > Yn°. The asymptotic form of the solution in the critical layer at its
lower boundary gives the condition for matching, by which the solution of the non-viscous
Eq.{17) between the critical layer and the wall is unigque. This asymptotic form can be
computed even without reference to the solution in the critical layer itself. Indeed, as
follows from /9, 10/, when K >0 the asymptotic expression for the viscous solution on
the upper boundary of the critical layer permits an analytical continuation at its lower
boundary, through the region 0* < |Ym — Y | <€ ¢ of complex values of Ym, circumventing
the point Y,° in a clockwise direction. Similarly, when K <0 the point Yn° is bypassed
anticlockwise. But the asymptotic form on the upper boundary of the critical layer, however,
is known and is set by the limit of expression (19) where Y, =7Y,°+ 0. Hence it follows
that the function (19) is a solution of the non-viscous Eg. (17) as well as in the region
between the critical layer and the wall (for real 0<Y,,<<Y,’), if the interval in (19) is
taken along a path which goes round the singular point Yp,° according to the rule described
above.

let Ym=0(). Then expression (19) can be transformed to the form

fom= @by (Y — Vi 2 8¢9 (c) (Vi — Vi) x (20)
[In|Y,,—Y,°|+iarg (Y,,,- Ymc)] +

where for real Ymwe must put arg (Y, — Yf) =0, if Y,n >V, and arg (Vi — Y»°) = —n sign K,
if Yu<<Yn% 0 () is the Heaviside unit function.

We will match the components of the velocity vector on the upper boundary of the viscous
wall sublayer, where 6* <<€ Y, < c. Changing to the "inner” variable Y, =07*Y,, in (20) we
obtain

Ty == ia [—7;{1 — io® 2’;3":(,:,2 G(—%)] + 21
Fn==00 [ - - — i0° 0 (— )]+

4 g% ThaO _i']L
GaY,[A i0° 53 3% 9( K) SR

The first of these formulae is derived from the equation of continuity im = —(iK)'ds./dY .
In expressions (21) the main terms are retained separately for their real and imaginary parts
which, having a different order of smallness with respect to the parameter ¢, are nevertheless
reliably calculated without referring to the leading terms in expansion (16).

From (4) and (6) we obtain the matching conditions for the Fouriexr-transforms &, — im,
6V, — V;m at Y, — oo, where functions with the subscript m are specified by Egs.(21), and
functions with subscript ! are determined by expressions (14). These conditions lead to two
equations in the Fourier-transform of the pressure p, and the constant a. Eliminating the
latter, we find

Q |, K .3nx4939(

- —_ K3 -1
P=F9G [T gy — 0" g O (— ) T o ] 2

(,Q)’/,

When deriving (22) we assumed K = 0 (1). Formula (22) is unsuitable when K = O (0), since
the phase velocity ¢= —0Q/K in this case is a value of the order of unity which violates the
correctness of (20). The derivation of formula (22) is also ineffectual for K= 0 (¢7), since
in this case the parameter § = oK, by which the expansion (16) is carried out, is not small,
Nevertheless, as follows from the laws of decay of expression (20) in the vicinity of zero
and at infinity, its use over the whole real axis K, when taking the inverse Fourier trans-
formation, introduces an error which does not exceed that (of order o) resulting from ex-
pression (22) itself.

To be specific we will assume that @ > 0. Thus the critical layer exists when K <O0.
Changing from Fourier transforms to the originals, for the pressure we obtain the formula

0
;1 TQ K L aah® .. K 4 )
P\ 90 [7 — % T R — 0 g ] X @3
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exp (KX)dK - 3 Qi [ ¢ %r oxp ((KX)dK
0 i

The integrand in the first of the integrals has a pole of the first order at the point
K® = K,” + iK;" of the complex plane X, at a short distance of the order of o¢® from the
negative real semiaxis. If the real and imaginary parts of the denominator of the specified
integrand are equated to zero we obtain ’

K,° = —p,' 0% 4 0 (o) (24)

A0 A2

Ki"::—o”( P +m>+()(0‘)

The complex quantity K° is an eigenvalue of the wave number in the problem of free
oscillations in the BL near to the upper branch of the NSC (G = 0) and, in this case, ex-
pressions (24) makes up two parts of the dispersion relation. The condition X;° = 0 determines
the frequency Q == Q° of neutral natural oscillations. From (24) we have

Q° == (=2 AV (25)

If we return to the initial system of units then Eq. (25) acquires the form w* = R*% U *L*1Q°,
which establishes the principal term of the asymptotic form of the upper branch of the NSC
at large Reynolds numbers /11-13, 9, 1l0/.

We will consider the case Q > Q7. Then, in accordance with (24) we have K;” > 0. Let
the function G’ (X) differ from zero in the interval 0<C X << b. Then when X >4 in the first
term of formula (23), as a means of integration we replace the negative real semiaxis by a
positive imaginary axis and an arc of a circle of fairly large radius in the second quadrant
of the complex plane K, in which the integrand is exponentially small. As a result, expression
(23) can be represented as the sum of the subtraction at the point K° and of two integrals
along the imaginary positive and real semiaxes. Assuming that § = iK, we finally obtain

bl Pem /@ S . . .
b = ﬁ‘\szo (15)<T + T) exp(— SX)dS — (26)
o
O Q K\ -
5 \ 9@ (&) (T + —E) exp (KX)dK —
o

1,4, Q7 (K,°) exp (iK,°X — K°X)

where K,° and K,° are defined by formulae (24). The final item in (26) generated by the pole
of the Fourier transformant p, is a TS wave with a decay decrement K,°. Both integrals in
(26) decay as X — > according to the law O (X73), whereas the exponential decrease of the
amplitude of the TS wave downstream becomes as small as desired as the frequency £ tends
towards the neutral value Q° from above.

By replacing the path of integration in the first integral of formula (23) by the negative
imaginary semiaxis, it is possible to represent the pressure for the region upstream of the
oscillator (X << 0) in the form of the sum of two integral terms similar to the two first
terms in (26) and possessing the asymptotic form |X |3, X — — oo. However, there is no term
linked to the subtraction at the point X°.

We note that expression (26) does not retain special features at the point Q = Q% and
also gives the solution to the problem for Q< Q°/14/, although, as a result of exponential
growth, it does not additionally satisfy the condition for the Fourier transformation to be
applicable.

The TS wave in the neighbourhood of the upper NSC branch is characterized by the relation
K°/K,° = O (¢®). This neighbourhood in the unstable region £ << Q° 1is overlapped by the
neighbourhood of the lower NSC branch when €2 == 0 (¢%). Indeed, from (24) it follows that
K°K,°=0(1), and K;° = O (06"), and the frequency and wave number in dimensional variables
e of = BHULL*1Q = 0 (RU%LL*Y),

k* = R'/»L[*K°= 0 (R"L*™)

which corresponds to the asymptotic form of the lower branch of the NSC or its neighbourhood.
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SEPARATION OF A FLOW FROM THE CORNER POINT OF A BODY’

E.V., BOGDANOVA and O0.S. RYZHOV

Changes in the velocity field which occur when the external pressure
gradient is gradually increased, the gradient being determined by the
theory of jet flows of an ideal incompressible fluid, are studied. The
possibility of an essentially non-linear viscous sublayer occuring in the
preseparation region, which adheres to the rigid surface, is noted. A
solution of the boundary value problem is given for a boundary layer
interacting freely with the potential flow under the conditions when the
initial pressure gradient changes its sign from negative to positive. 1In
this case a stagnation point appears in the incoming flow.

1. The preseparation region. we shall assume that the surface of the streamlined

body has a corner, at which the flow becomes separated. We choose the radius of curvature

of
as

the surface, the velocity of potential flow of fluid at the corner point, and its density,
the three basic units of measurement. Assuming that a change to dimensionless variables

has been made, we shall direct the s axis of the curvilinear orthogonal system of coordinates
along the generatrix of the body, and the n axis along its normal. Let u' and v’ be the
components of the perturbed velocity vectors and P’ the excess pressure in the outer potential
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